In this paper we are proving the following fact. Let P be an arbitrary simple polygon, and let S be an arbitrary set of 15 points inside P . Then there exists a subset T of S that is not "visually discernible", that is, T = vis(v) ∩ S holds for the visibility regions vis(v) of all points v in P . In other words, the VC-dimension d of visibility regions in a simple polygon cannot exceed 14. Since Valtr [12] proved in 1998 that d ∈ [6, 23] holds, no progress has been made on this bound. Our reduction immediately implies a smaller upper bound to the number of guards needed to cover P by ǫ-net theorems.
INTRODUCTION
Visibility is among the central issues in computational geometry, see, e. g., Asano et al. [2] and Urrutia [11] . Many problems involve visibility inside simple polygons, among them the famous art gallery problem: Given a simple polygon P , find a minimum set of guards whose visibility regions together cover P ; see O'Rourke [10] .
In this paper we study a visibility problem that is related to the art gallery problem, and interesting in its own right. Given a simple polygon P and a finite set S of points in P , we call a subset T of S discernible if there exists a point Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. v ∈ P such that T = vis(v)∩S holds. In general, one cannot expect all subsets of a given point set in a given polygon to be discernible.
Let us call a number m realizable if there exists a simple polygon P , and a set S of m points in P , such that all subsets of S are discernible. If m ≥ 1 is realizable, so is m − 1. Figure 1 shows why 4 is realizable. Using more elaborate constructions, Kalai and Matoušek [5] and Valtr [12] proved that 5 and 6 are realizable, respectively. They also provided upper bounds. In Matoušek [9] , general arguments show that large numbers cannot be realized. Valtr [12] employs special constructions to prove that not even 24 is realizable.
The biggest realizable number d is called the VC-dimension of visibility regions in simple polygons. The results in [12] show d ∈ [6, 23] , and these were the best bounds on d known until today. Progress was made only in special cases [3] , and for external visibility; see Isler et al. [4] . In this paper we show that 15 is not realizable. The classic ǫ-net theorem implies that O(d · r log r) many stationary guards with 360
• degree view are sufficient to cover P , provided that each point in P sees at least an 1/rth part of P 's area. The constant hidden in O is very close to 1; see [5, 8] .
Without using ǫ-net theory, Kirkpatrick [7] obtained an 64·r log log r upper bound to the number of boundary guards needed to cover the boundary of P . This raises the question if the factor log r in the O(d · r log r) bound for ǫ-nets in geometric range spaces can generally be lowered to log log r, as was shown to be true by Aronov et al. [1] for special cases; see also King and Kirkpatrick [6] .
In either case, decreasing the upper bound on the VCdimension d directly leads to more interesting upper bounds on the number of guards.
PROOF TECHNIQUE
Theorem 1 will be proven by contradiction. Throughout Sections 2 and 3, we shall assume that there exists a simple polygon P containing a set S of 15 points each of whose subsets is discernible. That is, for each T ⊆ S there is a view point vT in P such that
holds, where, as usual, vis(v) = {x ∈ P ; xv ⊂ P } denotes the visibility domain of a point v in the (closed) set P . We may assume that the points in S and the view points vT are in general position, by the following argument. If p / ∈ T , then segment vT p is properly crossed by the boundary of P , that is, the segment and the complement of P have an interior point in common. On the other hand, a visibility segment vU q, where q ∈ U , can be touched by the boundary of P , because this does just not block visibility. By finitely many, arbitrarily small local enlargements of P we can remove these touching boundary parts from the visibility segments without losing any proper crossing of a nonvisibility segment. Afterwards, all points and view points can be perturbed in small disks.
Property 1 can be rewritten as
This means, if we form the arrangement Z of all visibility regions vis(p), where p ∈ S, then for each T ⊆ S there is a cell (containing the view point vT ) which is contained in exactly the visibility regions of the points in T . To obtain a contradiction, one would like to argue that the number of cells in arrangement Z is smaller than 2 15 , the number of subsets of S. But as we do not have an upper bound on the number of vertices of P , the complexity of Z cannot be bounded from above.
For this reason we shall replace complex visibility regions with simple wedges; for wedge arrangements, a good upper complexity bound exists; see Theorem 2 below. To illustrate this technique, let a be a point of S. We assume that there are 1. points b1, b2 of S, 2. a view point v that sees b1 and b2, but not a, such that 3. a is contained in the triangle defined by {v, b1, b2}; see Figure 2 (i). We denote by U the wedge containing v formed by the lines through a and b1 and b2, respectively. Any view point w that sees b1 and b2 must be contained in wedge U . Otherwise, the chain of visibility segments v −b1 − w − b2 − v would encircle the line segment va connecting v and a, preventing the boundary of P from blocking the view from v to a; see Figure 2 (ii).
Let w1, w2 denote the outermost view points in U that see a, b1, b2 and include a maximum angle (by assumption, such view points exist; by the previous reasoning, they lie in U ). Then w1, w2 define a sub-wedge W of U , as shown in Figure 2 : Solid lines connect points that are mutually visible; such "visibility segments" are contained in polygon P . Dashed style indicates that the line of vision is blocked; these segments are crossed by the boundary of P .
Figure 2 (iii). We claim that in this situation
holds, where V {b 1 ,b 2 } denotes the set of all view points that see at least b1 and b2. Indeed, each view point that sees b1, b2 lies in U . If it sees a, too, it must lie in W , by definition of W . Conversely, let v ′ be a view point in W that sees b1, b2. Then line segment v ′ a is encircled by the visibility segments Figure 2 (iv). Thus, v ′ ∈ vis(a). Fact 3 can be interpreted in the following way. We "sacrifice" two of the 15 points of S, namely b1 and b2, and restrict ourselves to studying only those 2 13 view points V {b 1 ,b 2 } that see both b1, b2. As a benefit, the visibility region vis(a) behaves like a wedge when restricted to
This technique will be applied as follows. In Section 3 we prove, as a direct consequence, that at most 5 points can be situated inside the convex hull of S. Then, in Section 4, we show that at most 9 points can be located on the convex hull. Together, these claims imply Theorem 1.
INTERIOR POINTS
The goal of this section is in proving the following fact. Lemma 1. At most five points of S can lie inside the convex hull of S.
Proof. Suppose there are at least six interior points ai in the convex hull, 1 ≤ i ≤ k. Let b1, . . . bm denote the remaining points of S; each of them is a vertex of the convex hull of S. Let vB, where B = {b1, . . . , bm}, be the view point that sees only these vertices but no interior point; see Figure 3 . Each interior point ai is contained in a triangle defined by {vB, bj , bj+1}, for some j. Since properties 1.-3. mentioned in Section 2 are fulfilled, Fact 3 implies that there exists a wedge Wi such that V {b j ,b j+1 } ∩ vis(ai) = V {b j ,b j+1 } ∩ Wi holds. If VB denotes the set of view points that see at least the points of B, we obtain Figure 3 : Each interior point ai is contained in some triangle defined by {vB, bj , bj+1}.
which implies the following. For each subset T of A = {a1, . . . , a6} the view point vT ∪B lies in exactly those wedges Wi where ai ∈ T . But the arrangement of six or more wedges does not contain that many combinatorially different cells, as an argument by Isler et al. [4] shows; see Theorem 2. Thus, the convex hull of S cannot contain six interior points.
Therefore, at least 10 points of S must be vertices of the convex hull of S. For convenience, we include a short proof based on the ideas in [4] .
Proof. By Euler's formula, an arrangement of n wedges has n + k + 1 many cells, where k denotes the number of half-line intersections. Since two wedges intersect in at most 4 points-in which case they are said to cross each otherwe have k ≤ 4`n 2´. Thus, an arrangement of 6 wedges has at most 67 cells. We are going to provide an accounting argument which shows that for each wedge one cell is missing from a maximum size arrangement (due to a shortage of intersections), or one of the existing cells is redundant (because it stabs the same subset of wedges as some other cell does). This will imply that at most 67 − 6 = 61 many of all 2 6 = 64 different subsets can be stabbed by a cell, thus proving the theorem.
Let W be a wedge that is crossed by all other wedges, as shown in Figure 4 (i). Since the two shaded cells at the apex of W and at infinity are both stabbing the subset {W }, we can write off one cell of the arrangement as redundant, and exclude W from further consideration.
The remaining m wedges are used as the vertices of a graph G. Two vertices are connected by an edge if their wedges do not cross. For each edge of G there is one cell less in the arrangement, as (at least) one of four possible intersection points is missing. By construction, each vertex of G has degree at least 1. Suppose that vertex W is of degree 1, and let W ′ denote the adjacent vertex in G. If W and W ′ have at most two of four possible intersections, even two cells are missing from the arrangement. If W and W ′ intersect in three points, there is a redundant cell in W , in addition to the missing one; see Figure 4 (ii). In either case, we may double the edge connecting W and W ′ , as we obtain two savings from this pair. In the resulting graph H each vertex is of degree at least two. Thus, H contains at least m edges, each of which represents a cell that is missing or redundant. 
POINTS ON THE CONVEX HULL
Ignoring interior points, we prove, in this section, the following fact.
Lemma 2. Let S be a set of 10 points in convex position inside a simple polygon, P . Then not all of the subsets of S are discernible.
Proof. Again, the proof is by contradiction, based on case analysis. For the most complex case a complete proof will be presented here.
First, we enumerate the points around the convex hull. going to discuss the case depicted in Figure 5 , namely: Case 1: There exists an odd front point.
Let fL and fR be the outermost left and right front points with odd index, as seen from vE; and let eL and eR denote their outer neighbors, as shown in Figure 5 . While fL = fR is possible, we always have eL = eR. Observe that eL and eR may be front or back points; this will require some case analysis later on. Figure 6 : (i) As segment vEfL must be intersected by the boundary of P , it cannot be encircled by visibility segments.
(ii) Defining subsets L and R of S.
Proof. If v were contained in H + (eL, fL) then the chain of visibility segments eL − v − eR − vE − eL would encircle the segment vEfL-a contradiction, because vE does not see the odd indexed point fL; see Figure 6 (i).
We now define two subsets L and R of S that will be crucial in our proof. By Claim 1, the points of S contained in the triangle (eR, eL, vE) are front points with respect to vR, vL, too; see Figure 6 .
None of the sets L, R, S \ (L ∪ R) are empty. The sets L and R are disjoint.
Proof. By construction, we have eL ∈ L, eR ∈ R, and fL, fR ∈ L ∪ R. If vL = vR then L ∩ R = ∅, obviously. Otherwise, there is at least one even indexed point, e, between fL and fR on ch(S). Assume that there exists a point q of S in the intersection of L and R. Then segment vRfR would be encircled by the visibility chain q − vR − e − vL − q, contradicting the fact that vR sees every point but fR; see Figure 7 . The purpose of the sets L and R will now become clear: They contain points like b1, b2 in Section 2, that help us reduce visibility regions to wedges. The precise property will be stated for R in Lemma 3; a symmetric property holds for L. The proof of Lemma 3 will be postponed. First, we shall derive a conclusion in Lemma 4, and use it in completing the proof of Lemma 2 in Case 1.
Lemma 3. There exist points r1, r2 in R such that the following holds either for Q = vis(r1) ∩ vis(r2) or for Q = vis(r1) c ∩ vis(r2). For each p ∈ S different from r1, r2, each view point that (i) sees p, (ii) lies in Q, and (iii) sees at least one point of L, is contained in the half-plane H − (p, r2).
Here, D c denotes the complement of a set D. A symmetric lemma holds for points l1, l2 ∈ L, a set Q ′ ∈ {vis(l1) ∩ vis(l2), vis(l1) c ∩vis(l2)} and the half-plane H − (l2, p). Adding up these facts yields the following.
Lemma 4. Let p ∈ S \ {l1, l2, r1, r2}. Then each view point in Q∩Q ′ that sees p lies in the wedge
Now we can proceed as in Section 2; see Figure 2 (iii) and (iv). Within wedge Up we find a sub-wedge Wp satisfying
with the same arguments that led to Fact 3, replacing (a, b1, b2) with (p, r2, l2). Since membership in Q, Q ′ only prescribes the visibility of {l1, l2, r1, r2}, Fact 4 implies the following. For each subset T ⊆ S \ {l1, l2, r1, r2} there exists a cell in the arrangement of the remaining six wedges Wp, where p ∈ S \ {l1, l2, r1, r2}, that is contained in precisely the wedges related to T . As in Section 3, this contradicts Theorem 2 and proves Lemma 2 in Case 1.
It remains to show how to find r1, r2 and Q in Lemma 3.
Proof. (of Lemma 3) Before starting a case analysis depending on properties of R and eR we list some helpful facts. 
Proof. If v ∈ H
+ (fR, r), or if v were situated on the opposite side of L(r, l), then vRfR would be encircled by r − v−l−vR−r; see points v = v1 and v = v2 in Figure 8 (ii). Now we start on the case analysis. In each case, we need to define r1, r2 ∈ R and a set Q = vis(r1) ∩ vis(r2) or Q = vis(r1) c ∩ vis(r2). Then we must prove that the following assertion of Lemma 3 holds. Assertion If p ∈ S is different from r1, r2, and if v ∈ Q is a view point that sees p and some point l ∈ L, then v ∈ H − (p, r2). Case 1a: Point set R contains at most two points. We define {r1, r2} := R and let Q := vis(r1) ∩ vis(r2). Let p and v be as in the Assertion. If p = fR then Claim 3 implies v ∈ H − (p, r2). If p = fR we obtain v ∈ H − (p, r2) by the first statement in Claim 4. Case 1b: Point set R contains more than two points, and eR is tangent point of ch(S) as seen from vE; compare Figure 5 . We set r1 := eR and let r2 be the odd indexed back point bR counterclockwise next to eR. Moreover, Q := vis(r1) ∩ vis(r2). For each p / ∈ R the proof of Case 1a applies. Let p ∈ R be different from r1, r2. Assume, by way of contradiction, that v ∈ H + (p, r2) holds. Since the second statement of Figure 9 . Now we discuss the location of view point vR. If it lies in the wedge H + (eR, vE)∩H + (vE, p) then segment s := vEbR is encircled by eR − vR − p − v − eR; see Figure 9 (i). If vR does not lie in this wedge, let e be the counterclockwise neighbor of bR in R. If vR lies on the same side of L(e, vE) as p, then eR − vE − e − vR − p − v − eR protects segment s; see (ii). If it lies on the opposite side, then vEe intersects vRp at some point c, and eR − vE − c − p − v − eR encircles segment s; see (iii). In either situation, we obtain a contradiction.
Before continuing the case analysis we prove a simple fact. Case 1c: Point set R contains more than two points, and the counterclockwise neighbor, bR, of eR, is tangent point as seen from vE. Let e denote the counterclockwise neighbor of bR, and let wR := v S\{e R } denote the view point that sees all of S except eR. We consider three subcases, depending on the location of wR.
(1ci) If wR ∈ H − (bR, eR), we set (r1, r2, Q) := (eR, bR, vis(eR) c ∩ vis(bR)).
To prove the Assertion, let p = eR, bR, and let v be a view point that sees p, bR, l but not eR, for some l ∈ L. 
